The Mansouri-Sexl theory is a well known test theory of relativity, alongside with the Standard Model Extension it is the golden standard for testing the predictions of special relativity. Mansouri and Sexl dealt with the theory of the Michelson-Morley, Kennedy-Thorndike and Ives-Stilwell experiments but left out the very interesting Sagnac experiment. In this paper we present a novel experimental measurement of light speed anisotropy via the reenactment of the Sagnac experiment using ring laser gyroscopes (RLG) and we constrain the Mansouri-Sexl parameter ato less than 0.5 ± 0.98 ⇥ 10 6
INTRODUCTION
Our paper is divided into four main sections: in the first one we give an overwiew of the Mansouri-Sexl test theory of special relativity, in the second one we give a historical perspective of the Sagnac experiment from the contrasting points of view of using both fiberoptics gyroscopes (FOG) and ring laser gyroscopes (RLG), in the third section we formulate the Mansouri-Sexl theory for the Sagnac experiment using RLGs and we conclude with experimental setup and results. Presently the method using RLGs results into lesser constraints than the methods using resonating cavities [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] used to put constraints on the parity-odd parameters in the QED sector of the Standard Model Extension. On the other hand, our results of restricting the anisotropy of light speed (parity odd) to less than 0.377m/s are better by two orders of magnitude than the ones of Champeney et al. [16] while being one order of magnitude better than the experiment executed by Isaak [17] .
The Robertson-Mansouri-Sexl Test Theory
The test theories [18] [19] [20] [21] of special relativity are used to examine potential alternate theories to special relativity (SR) -such alternate theories predict particular values of the parameters of the test theory, which may easily be compared to values determined by experiments. The existing experiments put rather strong constraints on any alternative theory. One of these theories, the Robertson-Mansouri-Sexl theory, starts by admitting through reduction to absurdity that there is one preferential inertial frame S in which the light propagates isotropically. In such a frame [11] , light speed in a refractive medium is c 0 = c/n where cis the light speed in vacuum and nis the refraction index of the fiber optic. All other frames in motion with respect to S are considered non-preferential and the light speed is anisotropic. The light speed in the non-preferential frames can be deduced via simple calculations described in reference [20, 22] . We start with the Mansouri-Sexl transforms (with c=1):
where v is the relative velocity between S and S and (x,t) are the coordinates in S and (X,T) represent their correspondents in S. Exactly like in the original Mansouri-Sexl paper [19] by transforming the light cone X 2 c 2 0 T 2 = 0 into S and by neglecting the terms in v 2 and higher we obtain:
where f is the angle between the light ray direction and the x axis of frame S. Expression (1.2) is an approximation valid if slow clock transport [21] synchronization has been used. In this case, the following expressions also hold:
According to Mansouri 2 , the one-way light speed is a measurable quantity in this case and it is direction dependent for a 6 = 0.5, known under the term of "parity-odd light speed anisotropy". In the case of special relativity, a = 0.5. The larger the term 1 + 2a in (1.2), the larger the light speed anisotropy. We will exploit this property in the Mansouri-Sexl theory of the experiment constructed in section 3 of our paper.
THE SPECIAL RELATIVITY THEORY OF THE SAGNAC EXPERIMENT USING FIBER OPTICS GYROSCOPES (FOG) AND RING LASER GYRO-SCOPES (RLG)
A fiber optic gyroscope (FOG) senses changes in orientation, thus performing the function of a mechanical gyroscope. However its principle of operation is instead based on the interference of light which has passed through a coil of optical fiber [22] . Two beams from a laser are injected into the same fiber but in opposite directions (see Figure 1 ). Due to the Sagnac effect, the beam travelling against the rotation experiences a slightly shorter path delay than the beam traveling in the direction of rotation. The resulting differential phase shift is measured through interferometry, thus translating the contribution of the angular velocity into a shift of the interference pattern which is measured.
One of the important advantages of FOGs, besides the absence of any moving parts is the fact that the fiber-optic cables can be wrapped around N times resulting into an "amplification" of the net effect [1] : Figure 1 . Explanation of the Sagnac experiment , two counter -propagating laser beams are made to interfere, the resultant is dependent on the angular speed and the enclosed area
where Ris the radius of the loop, Nis the number of coils and wis the angular speed of the ring. The resulting traveled distance difference is:
Fiber-optic gyroscopes (FOGs) exploit the Sagnac effect in order to detect rotation by measuring the total phase difference between the two counter-rotating beams [1] :
where l 0 , f 0 are respectively the wavelength and the frequency of the injected signal. Fiber-optic gyroscopes are commercially available and are widely used in navigation system of planes and ships. However they are limited by calibration and stability of the scale This is why, in this work, we will use active laser ring gyroscopes. Ring laser gyroscopes (RLGs) employ an active laser inserted in the medium cavity. This way, the optical path length difference in (2.2) translates into a frequency shift rather than a phase shift as in the case of FOGs. In fact, the resonator can sustain laser action only if an integer number of wavelength l fits in the (optical) length L of the cavity. For a linear cavity, the modes are standing waves. In the ring laser, modes are oppositely directed travelling waves that can lase at different amplitudes and frequencies. That is, the resonator "natural" frequency f 0 is given by L = ml 0 = mc/n f 0 so:
where m is an integer. In the RLG case the frequencies of the counter-rotating beams are:
where L ± = c n t ± is the effective cavity length seen by the co-and counter-rotating beams, respectively. There is no multiplicative effect as in the case of FOGs, so we will assume N = 1. Further, the ring cavity is filled with a mix of neon and helium, so we can safely take n = 1. We have also assumed that both beams lase on the same longitudinal mode (i.e. the same integer m), as usually (but not always) happens. The frequency difference can be written as: Figure 2 . Detail of the experiment with parity-odd light speed: the two counter-rotating RLG laser beams must complete a full roundtrip in order for them to interfere producing the measurable frequency shift
The mode number m in (2.6) is not known but we can fix that using (2.4) to 2pR f 0 c in order to get the beat frequency as predicted by the theory of special relativity:
The difference in frequencies is a function of the characteristics of the RLG, the natural frequency of the laser cavity f 0 , the light speed in vacuum c 0 and the angular speed w. Comparing (2.3) with (2.7) we see a major difference: RLGs are much more sensitive since the detected signal varies with 1 c (see 2.7) while the FOG output is dependent on 1 c 2 (see 2.3) . This property alone makes RLGs much better devices for the purpose of our experiments.
THE MANSOURI-SEXL THEORY OF THE RING LASER GYROSCOPES (RLG) EXPERIMENT
Light is propagating with the isotropic speed c 0 in the preferential frame S while in any other non preferential frame S, like the frame associated with the center of the rotating RLG device light speed propagates at the speeds c + in the direction of rotation and c in the direction against the rotation of the device (see Figure 2) where, for an infinitesimal angle of rotation df :
On the other hand, according to Figure 2 , light speed appears to be anisotropic in frame S
The two counter-rotating RLG laser beams must complete a full roundtrip in order for them to interfere producing the measurable frequency shift. Integrating with respect to f from 0 to 2p:
with A = c 0 wR, B = v(1 + 2a) and:
with A 0 = c 0 + wR. The frequency beat in the Mansouri-Sexl theory of the experiment is therefore:
The differenceD f MS D f SR is the Mansouri-Sexl violation expressed in units of frequency (Hertz) and it is a (nolinear) function of the Mansouri-Sexl parameter a, the angular speed w of the RLG with respect to the lab frame S and the relative speed v between the lab frame S and the preferential frame S (all via the term p
).
The laboratory velocity v(t) has contributions from the motion of the Sun with respect to frame S with a constant velocity v s = 377km/s, Earth's orbital motion around the Sun v e = 30km/s, and Earth's daily rotation v d so:
For CityplaceBerkeley, where the experiment was executed (latitude 37 o 52'18" N), v d = 0.355km/s. F A ⇡ 8 o is the angle between the equatorial plane and the velocity of the sun. F E ⇡ 6 o is the declination between the plane of Earth's orbit and the velocity of the Sun, 2p/W y = 1yr , 2p/W d =1 sidereal day, t 0 and t d are determined by the phase and start date of the measurement, respectively. If a 6 = 0.5 then the sinusoidal time variation of vwill be reflected in the frequency difference (3.8) . That is, the frequency difference will exhibit a characteristic time signature when measured over a sufficiently long time. In order to constrain the parameter awe will take a series of measurements at different angular speeds w over periods of time long enough such that we could integrate the sinusoidal effects from (3.9). 2pRkw = 1200m. In order to constrain the parameter awe took a series of measurements at different angular speeds w over periods of time long enough such that we could integrate the sinusoidal effects shown in (3.9). Substituting (3.9) into (3.8) we obtain: where, according to (3.8) , the coefficients C 0 ,C 11 ,C 12 ,C 21 ,C 22 ,C 3 are functions of the Mansouri-Sexl parametera, the angular speed w of the RLG with respect to the lab frame S and the relative speed of the lab v with respect to the preferential frame S as shown in reference 22 . Following the same methodology as developed by the author in reference [1] we can show that
and that the coefficients C 11 ,C 12 ,C 21 ,C 22 ,C 3 are several orders of magnitude smaller than coefficient C 0 . A quick sanity check shows that for a = 0.5 we recover the SR prediction shown in (2.6)
THE EXPERIMENTAL SETUP AND THE RESULTS
We used two experimental setups, both based on commercially available RLGs, one uses KN-5052 and the other one uses KN-5053 operating at f 0 = 474T HzHeNe laser , both from Kearfott Co, see exact specification [23] and both mounted on a Yaskawa SGMJV Sigma-5 08A high precision turntable with variable angular speed controlled by an Mechatrolink II controller [24] . The frequency is measured with a Symmetricon 5125A 15 digit frequency analyzer. We made four sets of measurements, alternating between the two RLGs, in 24 hrs, at six hours intervals in order to best capture the effects of the variation of the Earth speed expressed in (3.9). We repeated the measurements sets sixteen times, four times at four different angular speeds, varying from w = 33s 1 to w = 150s 1 The standard error in the determination ofĈ 0 is equal to1.21 ⇥ 10 14 . Comparing with (3.10) and considering the worst case (the largest) standard error from the sixteen runs shown in tables 1-4, we obtain a constraint of 0.5 ± 0.98 ⇥ 10 6 for the parameter a. Given that v(t)is of the order of 377km/s (see (3.9) ) this results into a constraint of about 0.377m/s according to (3.4) .
In the following tables (1 through 4) the x axis represents the repetition ordinal (1,2,3,4) within the given run. The y axis represents the frequency beat D f MS output by the RLG.
The main sources of error are due to the errors in the angular speed control. The errors fall into three categories: due to load variance, due to voltage variance and due to temperature variance.
Load variance During 0 to 100% load ±0.01% max. (at rated speed) Voltage variance Rated voltage ±10%:0% (at rated speed) Temperature variance 25 ±25 C: ±0.1 % max. (at rated speed) The load variance does not affect our experimental setup, since it is present only when the turntable is spun up to speed but the other two sources of error affect the system. The specification of the turntable does not include the angular speed variance with voltage variance, so we limited the voltage variance by using a very stable voltage source and by placing the system onto an isolated part of the power net, away from other consumers like servers, motors, etc. The temperature variance is the other source of random errors, the specification of the turntable does not include the angular speed variance with temperature variance, so we limited the temperature influence by placing the system into a temperature controlled room, at constant 25 C. Nevertheless, the voltage and temperature variations manifested their presence into the random errors reflected in the raw measurements seen in tables 1-4. By taking multiple measurements at different times of the day and averaging them together we managed to reduce the effects of such random errors, to the point where the standard error in the determination ofĈ 0 is equal to1.21 ⇥ 10 14 . Comparing with (3.10) and considering the worst case (the largest) standard error from the sixteen runs shown in tables 1-4, we obtain a constraint of 0.5 ± 0.98 ⇥ 10 6 for the parameter a. There are no sources of systematic error in our setup.
DISCUSSION AND FUTURE WORK
Presently, the method using RLGs results into lesser constraints than the methods using resonating cavities [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] to put constraints on the parity-odd parameters in the QED sector of the Standard Model Extension. On the other hand, our results of restricting the anisotropy of light speed (parity odd) to less than 0.377m/s are better by two orders of magnitude than the ones of Champeney et al. [16] while being one order of magnitude better than the experiment executed by Isaak [17] . Neither Champney, nor Isaak used the Mansouri-Sexl formalism, because it did not exist at the time they devised their experiments, so they used different methods of constraining the light speed anisotropy directly. Isaak used a rotating Mössbauer absorber and fixed detector to place an upper limit on any one-way anisotropy of 3 m/s while Champney used the same effect to attain a constrain of only 34 m/s. The results in terms of constraining the light speed anisotropy as derived from the experiments Sfarti, Isaak and Champney are presented for comparison in Figure 3 .
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